Multisite phosphorylation is a common form of post-translational protein regulation which has been used to increase the switch-like behavior of the protein response to increasing kinase concentrations. In this paper, we show that phosphorylation sites that are not necessary for protein activation can strongly enhance the switch-like response. In the case of unordered phosphorylation, this holds when a sufficient amount of sites are phosphorylated regardless of their exact position, as occurs in bulk electrostatic activation. We obtained analytic estimates for the Hill coefficient of the switch-like response, and we observed that a trade-off exists between the switch and the kinase threshold for activation. This finding suggests a possible evolutionary mechanism for the relatively large numbers of phosphorylation sites found in various proteins.
Introduction
Protein phosphorylation is a ubiquitous form of post-translational modification. Since covalently bound phosphate groups are strongly hydrophilic and negatively charged, they can activate or inhibit a protein by changing its conformation or the way it interacts with other proteins. This is a key element of countless molecular systems including many forms of signal transduction, the regulation of the cell cycle and protein degradation.
Multiple phosphorylations are often observed on the same protein; for instance, the epidermal growth factor receptor (EGFR) protein becomes activated when it is phosphorylated at multiple tyrosine residues by another EGFR (Alberts, 2002 ). In addition, many proteins have a surprisingly large number of phosphorylation sites, such as the nine phosphorylation sites identified in the cyclin-dependent kinase inhibitor Sic1 (Verma et al, 1997) , the more than 30 sites in EGFR and the more than two dozen in p53 (Gnad et al, 2007) .
It has been argued that a large number of phosphorylation sites could form the basis for a strong switch-like response to an increase in the kinase concentration (Nash et al, 2001; Welcker et al, 2003) . Such a property is desirable in situations where a clear all-or-none response is expected (such as cell division in response to a growth factor), or in the design of multi-stable systems (Angeli et al, 2004) . However, Gunawardena recently (Gunawardena, 2005) showed that the input-output response of the fully phosphorylated protein is not switch-like. Several plausible mechanisms to enhance the switch-like response have been suggested, including increasing the rates of phosphorylation of the last few sites (Gunawardena, 2005) , and allowing the protein to bind to the membrane Recent experimental results showed that a partially phosphorylated substrate can be as active as a fully phosphorylated one. One example is yeast cell cycle regulator, Sic1, which has nine phosphorylation sites; among those nine sites, any combination of six phosphorylated residues is sufficient to trigger the onset of S phase (Deshaies and Ferrell, 2001 ; Nash et al, 2001 ; Orlicky et al, 2003) . In this paper, we propose that the active substrates include those with at least k phosphorylated sites, out of a total of n sites (Box 1). The number k designates the minimal activation number. At first glance, the inclusion of partially phosphorylated substrates as active proteins seems futile since a system with minimal activation number k out of a total of n sites would be similar to a system of a total of k sites where full phosphorylation is required for activation. Rather surprisingly, the remaining n − k sites markedly improve the ultrasensitivity of the doseresponse curve (Fig. 1A) . For example, when the minimal activation number k reaches about half the total number of sites, and binding and catalytic rates are assumed to be similar at all sites, the effective Hill coefficient is roughly equal to k. In contrast, when full phosphorylation is required for activation, the maximum Hill coefficient only approaches two, even for large numbers of sites. This Hill coefficient is also substantially larger than that found in a system based on multi-site phosphorylation and docking to a single receptor site (Klein et al, 2003) .
In this study, we demonstrated the improvement of the switch-like response upon kinase phosphorylation of the substrate in a specific order (Box 1), such as is the case with autophosphorylation of fibroblast growth factor receptor 1 (FGFR1) kinase (Furdui et al, 2006) , nuclear factor of activated T cells 1, (Crabtree and Olson, 2002), and glycogen synthase kinase 3 (Cohen and Frame, 2001). We also identified an enhancement of the switch-like response for unordered phosphorylation, in which the kinase and phosphatase can act on the substrate in a random order (Strickfaden et al, 2007) . Finally, we have noticed that inclusion of more non-essential sites may increase ultrasensitivity at the cost of lowering the threshold, leading to a trade-off between the two key characteristics in dose response and suggesting that more non-essential sites may not be always better for creating dose responses.
Results

Better ultrasensitivity through non-essential phosphorylation sites
We first investigated the perfect balanced case in which the kinase to phosphatase efficiency, λ (see Text S1A for details) was equal for all phosphorylation sites. When half of the phosphorylation sites were non-essential, i.e. k = (n + 1) / 2 , a direct analytical estimate showed the dose-response curve, defined as the steady state fraction of the active substrates, and taking the form of
where u is the input given by the ratio of the steady state free kinase to phosphatase (Text S1A). Equation (1) is a Hill function with Hill coefficient k . By comparison, in the traditional model of k -site phosphorylation (Gunawardena, 2005) , where only the fully phosphorylated substrate has been considered active, the effective Hill coefficient is then only 2k / (k + 1) , a number always smaller than two. This value was clearly much smaller than k , especially for large k .
For the case of any k and n , the effective Hill coefficient of the response curve, as estimated by the Goldbeter-Koshland Formula (Goldbeter and Koshland, 1981) , became
where α = k / (n + 1) . From equation (2), we concluded (Table 1 ):
1. When the total number of the phosphorylation sites is fixed, as the minimal activation number increases, the ultrasensitivity first increases then decreases.
The maximum value is achieved at k = n / 2 and k = n / 2 + 1 when n is even, and at k = n + 1 ( )/ 2 when n is odd (the trend of each curve in Fig. 1B ).
2. When the minimal activation number is fixed, the ultrasensitivity is improved by including more non-essential phosphorylation sites ( black and red point comparison for the same k in Fig. 1B ).
3. For fixed site activation ratio α , the ultrasensitivity increases linearly in the total number of the phosphorylation sites (points on the same ray in Fig. 1B ).
We next study the case wherein the relative kinase to phosphatase efficiency for each site i , denoted by λ i , was allowed to be different. Through exploring large random sets of λ i we found that, in most of the cases, for a fixed total number of phosphorylation sites, as the minimal activation number increased, the Hill coefficient first increased then decreased (black curves in Fig. 1C and Fig. S1 ); this trend was similar to that in the perfect balanced case (red curve in Fig. 1C and Fig. S1 ). In general, the Hill coefficient was found to be high when about half of the total sites were non-essential, whereas low
Hill coefficients were more likely to be observed when very few or almost all phosphorylation sites were non-essential ( Fig. 1C and Fig. S1 ). Nevertheless, we observed that the ultrasensitivity improved when partially phosphorylated substrates were considered as active (i.e., 1 < k < n vs. k = n ).
As an illustration of equation (2) 
Lower threshold as more non-essential phosphorylation sites are included
Roughly speaking, the threshold is the input value around which the response starts to increase significantly. One possible measurement of the threshold is EC10, which is defined as the input value when the output reaches 10% of its maximum (Liu et al, 2009).
Our analytical study on the perfect balanced case revealed the following (Table 1 and Text S1C):
1. For a fixed total number of phosphorylation sites, the threshold increases with respect to the minimal activation number, reaching a maximum value when only fully phosphorylated substrate is regarded as active (the trend of the blue and red curves in Fig. 1D ).
2. For the fixed minimal activation number, as more non-essential sites are included, the threshold always decreases (blue and red curves comparison for the same k in Fig. 1D ).
3. When the site activation ratio α is fixed, as the total site number (equivalently, the minimal activation number) increases, the threshold either increases (α < 0.9 ) or decreases (α > 0.9 ) depending on α .
The threshold plot of randomly chosen λ i 's showed the same trend as k increases for fixed n (black vs. red in Fig. 1D ). That is, the threshold increased as fewer sites are considered active.
Similar ultrasensitivity and threshold properties under the unordered mechanism
Here, in the unordered mechanism, we assumed that any subset of at least k phosphorylated sites was sufficient to activate the protein, regardless of the exact position of the sites. The unordered mechanism seems to be especially applicable in the context of Because the number of phosphoforms grows exponentially in the total number of phosphorylation sites for the non-sequential case, it is more challenging for analysis.
In the perfect balanced case, the Hill coefficient of the steady state fraction of the active substrates was estimated by (Text S1C)
which was approximately the square root of the Hill coefficient in the sequential case ( Fig. S3A) . Therefore, the first two conclusions of the sequential case still held ( Fig. 2A and S3B), and the ultrasensitivity increase became n + 1 (Text S1D) instead of linear in regards to the total number of the phosphorylation sites.
The first two conclusions on the threshold under the sequential mechanism also carried over to the non-sequential case ( Fig. 2B and S3C ). In addition, we found that for fixed α , the threshold always increased in the total number of phosphorylation sites, regardless of the value of α (Text S1E). Please see Table 1 for a summary.
Trade-off between ultrasensitivity and threshold
We observed that the introduction of non-essential sites appeared to have opposite effects on the ultransensitivity and the threshold. When the total number of phosphorylation sites was fixed, and as the minimal activation number decreased, the ultrasensitivity first increased then decreased, whereas the threshold always decreased (Fig. 3) . Since a good switch is expected to have both high ultrasensitivity and large threshold, there seemed to be an optimal range for the number of non-essential sites when the total number of sites was fixed.
In the example of Sic1, the total number of phosphorylation sites was nine. If the phosphorylation of Sic1 followed a sequential mechanism, then the perfect balanced condition k = 5 yielded the largest Hill coefficient (Fig. 3A) . When the phosphorylation order of Sic1 was random, k could be further increased to raise the threshold to EC10 (Fig. 3B) . Both of these scenarios were consistent with the value k = 6 observed from previously published experiments (Nash et al, 2001).
Conclusion and Discussion
In the present work, we have proposed a mechanism through the use of non-essential sites that could account for the high ultrasensitivity observed in many multisite phosphorylation systems. For given values of the total number of sites and the minimal number of phosphorylations for activation, we have obtained an estimate of the effective Hill coefficient under both sequential and non-sequential mechanisms. We have studied the effect of non-essential sites on both the effective Hill coefficient and the threshold of a dose-response curve. Our results suggest that increased amounts of non-essential phosphorylation sites improve the ultrasensitivity, but decrease the threshold (Table 1) .
Thus, to achieve a good activation switch, there is a balance between the number of nonessential sites and the total number of sites.
By decoupling the total number of sites from the number of phosphorylations needed for activation, we may look at the evolution of multisite phosphorylation, since a given mutation can easily change one without altering the other. For instance, consider a mutation which doubles the number of sites while leaving k unchanged. This change may increase ultrasensitivity dramatically (point a vs. point b in Fig. S4 ) while slightly decreasing the threshold. For instance, for n = 10 and k = 5 , doubling n barely changed the threshold (blue vs. red at k = 5 in Fig. 1D ).
To the extent that evolution in this system favored ultrasensitive behavior, such a mutation would be undoubtedly preferred as it would increase the robustness of the onoff switch. Moreover, an advantage is created for k to catch up. In the above example, when n increased to 20 , the evolutionary pressure drives k to around 10 (point b vs.
point c in Fig. S4 ). This process can continue to repeat itself over time, in the form of an arms race between the total number of sites and the minimal activation number. One can speculate that this could sometimes lead to a runaway increase in the number of sites.
Intuitively, why would an addition of sites without increasing the minimal activation number increase the switch-like behavior of a system? Imagine the phosphorylation of an individual protein as a biased random walk. At any given time the protein is in a state between 0 and n phosphorylations, following the rule of a random walk among these states. The propensities for phosphorylation and dephosphorylation are given by the constants E and F , respectively. Suppose that n = 2k . If E is even slightly larger than F , the bias in the random walk intuitively makes the protein spend most of its time in one of the states S k ,L, S n , since a biased random walk eventually moves with high probability in the direction of the bias. Similarly, if E is slightly smaller than F , it spends little time in this region. Now, one may show that the fraction of the time that the protein spends in those states is none other than the dose response for u = E / F . This would account for the ultrasensitive behavior (see Text S1B for more details).
Of course, the use of non-essential phosphorylation sites may work in combination with other mechanisms in order to achieve better ultrasensitivity. For instance, if the last few phosphorylations take place at a faster rate in order to increase the switch-like behavior (a form of cooperativity (Gunawardena, 2005) ), one can obtain an even higher Hill coefficient through the use non-essential sites (Fig. S5 ). and n = 11 (black). For example, point "a" denotes the Hill coefficient of the dose-response curve when n = k = 5 ; point "b": n = 11, k = 5 ; point "c":
(C) The Hill coefficients against different k 's for ten sets of random λ i 's (black) and (B) Ultrasensitivity (black) and threshold (blue) under the unordered mechanism.
In both plots, n = 9, λ i = 1 . 
A Computing the Hill coefficient under sequential phosphorylation
In the sequential case, each phosphorylation and dephosphorylation consist of the following elementary chemical reactions respectively,
Here, k on i and k off i are the binding and unbinding rates of kinse E and substrate S i , respectively; k cat i is the catalytic rate for the complex ES i to produce S i+1 . Simliarly, l on i and l off i are the binding and unbinding rates of the phosphatase F and the substrate S i+1 , respectively; l cat i is the catalytic rate for the complex F S i+1 to produce S i .
Our goal is to compute the steady state proportion of the substrates with at least k phosphorylated sites,
Here, small letters denote the steady state concentrations of their corresponding proteins; the number k is referred as the minimal activation number. The steady state concentrations of different phosphoforms turn out to satisfy the following relations [2, 3, 4]:
where λ i and u are defined as
Note that in general the steady states are not unique for arbitrary given total concentrations of the kinase and the phosphatase [2, 3, 4] , however, it is unique when considering the free kinase to phosphatase ratio as an input. Based on (1), the steady state fraction of substrates with at least k phosphorylated sites equals
When the relative kinase to phosphatase efficiencies are similar for each site, i.e., λ i ≈ λ, the above formula can be simplified to
where x := λu. This function r n,k (x) defines the input-output (also called the dose-response) curve with λe/f as the input and the proportion of active substrates as the output. When n = 2k − 1, equation (2) simplifies to
which is a Hill function with Hill coefficient k. The effective Hill coefficient of the function r n,k (x), 0 < k < n, can be estimated by the Goldbeter-Koshland Formula [1] ,
where
If the dose-response curve is a Hill function Let α be the ratio of k and n + 1, termed as the site activation ratio. We next calculate H s (n, k) for arbitrary n and k. Define an auxiliary function
Let us denote the Hill coefficient ofr α byH. Naturally,H equals zero when α = 0 and α = 1. For 0 < α < 1, we perform a change of variable withx = x n+1 , then
If we letū = u 
Multiplying both sides by n + 1, we obtain
Next, we show thatH(α) is symmetric with respect to α = 1/2. Letū be such thatr α (ū) = 0.1, then it is equivalent to show thatr 1−α (ū −1 ) = 0.9, which indeed holds from a straightforward computation,
Similiarly, letv be such thatr α (v) = 0.9, thenr 1−α (v −1 ) = 0.1, and thus the Hill coefficient of
Our numerical simulations further reveal thatH(α) is well approximated by the quadratic function 2α(1 − α), that is,
B Intuition using biased random walks
It helps to have an intuition for why simply reducing the minimal activation number (or adding additional sites without increasing this number) increases the switch-like behavior of the system. Imagine the phosphorylation of an individual protein as a discrete stochastic event. At any given time t the protein is in a state between 0 and n phosphorylations, and it follows a random walk between these states. The propensities for phosphorylation and dephosphorylation are given by the constants e and f respectively. The probabilities P 0 (t), . . . , P n (t) for being in a specific state at time t satisfy the system of differential equations
and the steady state probabilities P i are given by the same formula (2) as the steady state concentrations for the original continuous system, in the perfect balanced case. Now, if e is even slightly larger than f , then the bias in the random walk will intuitively make the protein spend most of its time in the top half of the states, since any biased random walk eventually moves with high probability in the direction of the bias. Similarly it will spend little time in this region if e is slightly smaller than f . This accounts for the ultrasensitive behavior. Moreover, if e is slightly larger than f , then the ball will spend slightly more time at the most phosphorylated state than if e = f , but not much more, since the random process itself will constantly kick it out of this location. This means that P n as a function of e/f is much less ultrasensitive than P k + · · · + P n .
C Unordered phosphorylation
In the unordered case, the sites are phosphorylated and dephosphorylated in a random order. Once a substrate-enzyme complex is formed, different products can be made based on their catalytic rates. The number of phosphoforms grows exponentially with n in the unordered mechanism in contrast to linearly in the sequential mechanism, and we thus expect to see pronounced difference between sequential and unordered cases as n increases.
Introduce an index vector a, consisting of only zeros and ones, to represent substrates in different phosphoforms. For example, S 001 denote the substrate with three phosphorylation sites, of which the first two sites are empty, and the last one is occupied. A general phosphorylation and dephosphorylation reaction can be decomposed into elementary reactions as
Here, the index vector b could be any vector obtained by replacing a zero in vector a by a one. For example, when a = (0, 0, 1), b could be (0, 1, 1) or (1, 0, 1), but not (1, 1, 1) . We assume that the kinase-substrate complex is determined by the reacting substrate and kinase, but not by the releasing product. That is, when a is given, different choices of b share the same kinase-substrate complex, ES a . This is especially suitable for the situation when the kinase has a docking site. Once the substrate binds to the docking site, any unphosphorylated residue on the substrate is a candidate to be phosphorylated.
Similarly as the sequential case, the steady state concentrations of different phosphoforms satisfy [3] ,
where 
since there are n choose k different phosphoforms with exactly k phosphorylated sites. Thus, the steady state proportion of the active substrates is,
where x = λu. Next, we prove that there exists a function σ r that only depends on α such that H r (n, k) can be written as
To show this, we first interpret the function g n,k (x) in terms of the random process of tossing coins. Define
where p + q = 1 and p, q > 0. Let Y i = 1 denote the ith toss being head, and Y i = 0 denote the ith toss being tail. The expectation and the variance of
, counts the total number of heads. That is, Prob(W n = k) represents the probability of seeing k heads in n independent experiments, which can be computed as
On the other hand, the central limit theorem says
Therefore,
where function Φ is the cumulative distribution function of N (0, 1). The definition of v says
For the simplicity of notations, we use equal sign from now on. Rearranging (11), we have
where ξ = −Φ −1 (0.1). In the above equation, define γ := √ v and replace k by α(n + 1),
For large n, the above equation is approximately
The roots are
.
Because α < 1 and γ > 0, we have
Similarly, the equation of u, where g(u) = 0.1, is
and the solution is
Therefore
Define a shorthand
The third term in (14) becomes A 2 /2, and the second term in (14) becomes
for fixed α and large n. Thus,
and ln v u = 2ξ
By the Goldbeter-Koshland Formula, we have
which is (8) with
D Ultrasensitivity with respect to k, n, and α
D.1 Fix n, vary k
The sequential case
Thus, when n is fixed, as k increases, the Hill coefficient first increases, then decreases, and the maximum is achieved at 2k = n + 1.
The unordered case
Similarly, when n is fixed, as k increases, the Hill coefficient first increases, then decreases, and the maximum is achieved at 2k = n + 1.
D.2 Fix k, vary n
Notice that H s in (6) and H r in (16) can be written either in terms of α and n or in terms of k and n. In the following computations, we use the expressions of H s and H r involving only k and n.
Thus, when k is fixed, as n increases, the Hill coefficient always increases.
The unordered case
So, when k is fixed, as n increases, the Hill coefficient always increases.
D.3 Fix α, vary n
In the following computations, we use the expressions of H s and H r in (6) and (16) invloving only α and n.
Thus, when α is fixed, as n increases, the Hill coefficient always increases.
Therefore, when α is fixed, as n increases, the Hill coefficient always increases.
E Threshold with respect to k, n, and α
Let us first prove a fact that will be repeatedly used in our analysis. Define a function
and we claim that dy dt > 0
for non-negative x and for arbitrary integers n > k, equivalent to proving that the function 1/y is decreasing in x. The derivative of 1/y with respect to x is,
Thus, we have proved the claim.
E.1 Fix n, vary k
For fixed n, rewrite the function r n,k (x) as l(k, x). Thus, the threshold is the solution of
Taking derivative of both sides of equation (18) with respect to k, we obtain
Based on (17), ∂l/∂x is positive. On the other hand,
on both intervals x > 1 and 0 < x < 1. Also, it is easy to see that ∂l/∂k is continuous at x = 1 with ∂l ∂k
Thus, dx/dk is always positive, i.e., for fixed n, the threshold is increasing in k.
The unordered case
The threshold in the unordered case is solved from equation (12). For fixed n, taking derivatives with respect to k on both sides of equation (12), we obtain
Thus, for fixed n, the threshold increases in k.
E.2 Fix k, vary n
For fixed k, rewrite the function r n,k (x) as h(n, x). Thus, the threshold is the solution of
Taking derivative of both sides of equation (19) with respect to n, we obtain
Based on (17), ∂h/∂x is positive. On the other hand,
on both intervals x > 1 and 0 < x < 1. Also, it is easy to see that ∂h/∂n is continuous at x = 1 with ∂h ∂n (n, 1) = k (n + 1) 2 . Thus, dx/dn is always negative, i.e., for fixed k, the threshold is decreasing in n.
The unordered case
The threshold in the unordered case is solved from equation (12). For fixed k, taking derivatives with respect to n on both sides of equation (12), we obtain
Thus, for fixed k, the threshold decreases in n.
E.3 Fix α, vary n
For fixed α,ū =f −1 (0.1) is fixed, and the threshold u =ū 1/(n+1) . So, the monotonicity of u with respect to n depends on whetherū is greater than one. On the other hand,ū > 1 if and only if α > 0.9. Therefore, the threshold increases in n when α < 0.9 and decreases when α > 0.9.
The unordered case
In the nonsequential case, the threshold is given in (13). Rewrite √ u as
It is easy to see that for fixed α, u is increasing n, i.e., the threshold is increasing in n. shows high ultrasensitivity due to cooperativity with λ 1 , . . . , λ 4 = 0.5, λ 5 = 16, n = k = 5. There are many ways of combining cooperativity and non-essential sites. For example, n = 6, k = 5 with λ 6 = 0.5 (blue); n = 5, k = 4 (black).
